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We demonstrate that two identical chaotic systems of a conservative map can be synchronized by applying
periodic pulses at regular time intervals. This idea is illustrated with a two-dimensional standard map. The
mechanism is also studief51063-651X97)08608-X]

PACS numbgs): 05.45:+hb, 03.20+i, 46.10+2

Synchronization is a widespread phenomenon occurring K
in different fields. Numerous applications of the synchroni- 1=~ ﬂsmz#xn, mod1
zation in mechanics, electronics, communication, measure-
ments, and in many other fields have shown that synchroni-
zation is extremely important in engineering. On the other Xn+1=XntTns1, mModl. (1)

hand, the phenomenon of synchronization in biology is very
interesting. One of the most cited examples is given by theypigusly, its Jacobian determinant equals one, so it is a
southeastern fireflies, where a large number of insects gathynservative map. The standard map has a straightforward
ered on trees flash all togethiet]. Other examples include physical interpretation. It is the Poincareturn map for a
crickets exchanging chirps, cardiac cells interacting withfrictionless periodically kicked pendulum. With the increas-
voltage pulses, neurons receiving and sending synaptigg of parametek, the system undergoes the transition from
pulses, etc. local to global chaos. The critical value of parameteis

The progress in studies of nonlinear dynamical systemg.971 635 4. At this value ok, the last remaining KAM
significantly extended the concept of synchronization. It wasorus which stretches horizontally from=0 to x=1.0 is
shown that synchronization can be associated not only withrroken. For the values of>0.971 635 4, the system dem-
regular behavior, such as periodic or quasiperiodic oscillaenstrates global chaos. In this paper, we let
tions, but also with chaotic behavior. Numerous papers, pubk=1.171 635 4. Consider an identical system with EQ.
lished in the past six years, employed the ideas of synchro-
nized chaos for different techniques of communications with "
chaos, chaos suppression, and monitoring dynamical sys- rr'1+1=rr’,—2—sin27rxr’,, mod1
tems. The pioneering work is that of Pecora and Caf&ll ™
Shortly afterwards many related methods were presented,
such as the parameter perturbations appr¢aghthe modi- X' =X,+rl.., modl. 2)
fied Pecora and Carroll methdd,5], the feedback method
[6,7], etc. The Pecorra and Carroll idea of synchronization

has been extended to coupled systg@iseven to the case of go_llpwing F;ecora gng (;artrr? II's method, wetcall %methe
generalized synchronizatidf,10] where the driving and re- riving system and Eq(2) the response system. Reference

sponse system are different. Rulkewval.[10] generalize the [11] |nd|cat_ed tha_t Itis possubl_e to sy_nchromze the Sta”_dard
) o . . map by using variable as a drive variable and not possible
idea of synchronization equating variables from the respons : ; . . . .
with a function of the variables of the drive. However, all y using variablex as a drive variable. This naturally raises

. BN ’ he question: does this then imply that it is impossible to
these methods are designed for the dissipative systems.

K | f di dth ¢ ?/nchronize two systems usingas the drive signal? In fact,
we know, only two referencgd 1,13 discussed the case of & \ye il demonstrate that, perhaps quite contrary to one’s

conservatiye map. Here we will discuss the synchronizatiori‘nmuition, synchronization using as a key is possible if,

of the Hamiltonian chaos and use the standard map, perhagsstead of continuously monitoring the response system, one

the most widely known example of a chaotic Hamiltonianjs wjlling to wait for a short while before each attempt to

system, as an example to demonstrate the process of Syfeset the response system. Now we use the periodic impul-

chronization. sive method to implement the synchronization. In this paper
Recently, Refs[13,14 present a method which uses a we discuss the synchronization of three cases, they are the

wait-and-reset strategy for synchronizing chaotic systems. Igynchronization of chaotic, quasiperiodic, and periodic or-

this paper, we extend this method to a Hamiltonian systenbits. Firstly, we consider the case of chaotic orbits and add

and call it the periodic impulsive method. Consider the stanperiodic pulse to variablg’. The second equation of E(R)

dard map becomes
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FIG. 1. Synchronization of chaotic orbits. The periodic pulse is
added to variable’. The initial point of the driving system is 0.1, FIG. 2. Two quasiperiodic orbits(a) The initial point
0.6, and the initial point of the response system is 0.8, (@B. iS ro=0.515035398 828 775 0, xo=0.451 249 476 513 977 4,
Evolution of variabler when An=2. (b) Evolution of variablex ~ (b) the initial point is r,=0.275312 2538435631,
whenAn=2. Xo=0.111 993 390 277 928 2.

Xpe1=Xptrhice, N#FjAn
e e N7 r,’1+l=r,’1—%sin2wx,’1, n#jAn
Xp+1=Xnt+1, N=JAN ()
wherej runs over natural numbers, implying that the kicks fne1=Tn+1, N=JAN 4
are applied at intervals that are uniformly spaced Ayy.
During An—1 iteration steps the response system evolvesvhere the meanings gf,An, and the values of the initial
over the original mag2), while at the next step the state points are just the same as that of E8). The response
variablex; is replaced by the value of the state variaklef  system(2) and the driving systerfl) satisfy the same equa-
the driving system, that is¢/ =x; . In other words, the dy- tion except that the variablg/ is reset tox; at a regular
namical systent2) oscillates freely and independently from iterated intervalAn. (The traditional synchronization scheme
the driving system(1) except for the moments when the corresponds to takinghn=1.) Our numerical simulation
variablex; is forced to the new valug;. In our numerical shows that the two systems can be synchronized only when
simulation, we observe that the synchronization can be\n=2, 3, or 4 except foAn=1. (That is the case of Ref.
implemented only whemAn=2 or 3. Figure 1 shows the [11].) On the other hand, if the drive system chooses differ-
result when the initial point of the driving system(&1,0.6  ent initial points, the synchronized steps are different. It
and the initial point of the response systenids8,0.3. From  means that the synchronized steps have something to do with
Fig. 1 one can see that the implementation of synchronizathe initial point of the drive system. We will explain these
tion only needs about 30 steps wheen=2. Itillustrates that phenomena later.
the periodic impulsive method can do what the Pecaro and It must be pointed out that the response syst@mhas
Carroll's method 11] cannot do. become a dissipative system when using periodic puRes
For the case of adding periodic pulse to variablethe or (4). ConsideringAn steps as a unit, its Jacobian Am
first equation of Eq(2) becomes steps isJ=112"J;, where
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FIG. 4. A period-five orbit. One point of period five is
(a) ro=0.512 277 623 087 423 k,=0.256 155 537 624 807 5.

1 T

chronization can be implemented only when
An=2,5-8,11-14,17-20,23-24, etc., and in E4). only
when An=1,3-4,7-10,13-14,16-17,19-20,22,25-26, etc.
For the quasiperiodic orbit of Fig.(8), we observe that in
% ) Eq. (3) synchronization can be implemented only when
=< 0 M1 An=2-4,6, and in Eq(4) only whenAn=1-3,5,7. Figure
3 shows the result of corresponding to Figa)2when peri-
odic pulses are added to varialbleandAn=6. From Fig. 3
one can see that the synchronized steps are about 300.
Lastly, we consider the case of periodic orbits. Because
-1 ' the conservative maps have no attractive basin, this leads to
0 250 500 some difficulty in finding the periodic orbits. But fortunately
iterated steps there are four symmetry lines for the standard map,
(b) x=0,3,r/2,(r+1)/2. At least two of theM points on a
periodM cycle will fall on the symmetry lines. Along the
symmetry lines one can quickly find one point of the period-
M orbit using a Newton-Raphson algorithm. Figure 4 shows

FIG. 3. The synchronization of quasiperiodic orbit correspond-
ing to Fig. 2a). The periodic pulse is added to variabié. The

initial point of the response system (@.7,0.3 andAn=6. the result of a period 5, where one point of period 5 is
ro=0.512 277 623 087 423 I,=0.256 155 537 624 807 5.
1 — k cos2mx! It must be pointed out that in Fig. 4 the linexx£ 0 and the
Ji:< ',), i=1,...An—1 line x=1 are just the same because of the mod1l in(&g.
11—« cos2mx; Now we let the driving system run along the period-five

, orbit, and give the response systef@) an initial point
Jo— 1 =« cos2mxy, for Eq. (3 5 (ry=0.7x,=0.2). We observe that in E43) synchroniza-
Ao 0 . for Eq. (3) ®) tion can be implemented only whem=2,4, and in Eq(4)
only whenAn=1,3,5,7,11-13.
00 To understand why such a synchronization scheme might
Jan= ( 1 O)’ for Eq. (4). work, we now study the conditional Lyapunov exponents of
the response system. Rewrite EB) as

Obviously, the Jacobian determingdt=0, so that the re-
sponse system has become a dissipative system. Otherwise,
synchronization cannot be implemented for the conservative Xs 1= Fol T X0) ©®)
map. n+1 2\Ins%n/-

Secondly, we consider the case of quasiperiodic orbitsi e periodic pulse is applied to E¢f) after An times, one
By careful research we find two quasiperiodic orbits ., consider theAn steps as a unit. Then a new map is

Fne1="F1(rn,xy),

in Fig. 2. The initial point of Fig. 2 is reated

ro=0.515 035 398 828 775 0xo=0.451 249 476 513 977 4

and the initial point of Fig. d) is Fme1=F1(Fm:Xm),

ro=0.275 312 253 843 563 1,=0.111 993 390 277 928 2.

We let the driving systen{l) run along the quasiperiodic Xm+1=F2(rm ' Xm), 7

orbit, and give the response systef® an initial point

(ro=0.7x3=0.2). We have observed that synchronizationwhere F1=ff“,F2=f§“. The periodic pulse added in Eq.
can be implemented by both Eq8) and(4). For the quasi- (6) is equivalent to Eq(7) having a drive variable. If the
periodic orbit of Fig. 2a), we observe that in Eq3) syn-  periodic pulse is applied to variabfe we have
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FIG. 6. The effect of noise is showfs) Corresponding to Fig.
FIG. 5. Maximum Lyapunov exponent spectra of the responsei(a). The intensity of the noise is 20108, (b) Corresponding to
system corresponding to E¢B). (a) The driving system is chaotic Fig. 3(a). The intensity of the noise is X010 “.
with initial point 0.1,0.6,(b) the driving system is Fig.(2).
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(10
Similarly, if the periodic pulse is applied to varialie we ) ) o
have For the chaotic trajectoryx; andr; have ergodicity. The
sums of Eq.(10) can be substituted by integration on the
phase space, as in R¢L1]. However, for the quasiperiodic

fAn or periodic orbits, the summing of E¢L0) can only be cal-
A= lim — 2 In|——|, 9 culated along a special orbit. So the synchronized steps has
m— oo o something to do with the initial point of the drive system.

For studying the relation between synchronization amd

we have calculated the maximum Lyapunov exponent of the
where\, and \, represent the conditional Lyapunov expo- response system. We find that the maximum Lyapunov ex-
nents corresponding to the case of adding pulses. Obviouslponents are negative for thoda in which synchronization
Ay and\, depend omAn. When\, or A\, <0, synchroniza- can be implemented and positive for thase in which syn-
tion can be implemented; otherwise, synchronization cannathronization cannot be implemented. This is consistent with
be implemented. This is the reason that there are gaps iRecora and Carroll's theorel]. Figure 5 shows the results
successive values dfn. corresponding to Eq.3).

On the other hand, and\, are related to the property of To test the effect of external noise on synchronization in

trajectory, i.e., the chaotic, quasiperiodic, or periodic orbit.the model studied here, we have studied how synchroniza-
TakingAn=2 as an example, we have tion is affected by a white noise. We consider the Gaussian
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white noise¢ having zero mean and standard deviation equaDur numerical experiments discover that there is some
to one, generated by using the Box-lu method[15], and  power law between the intensity of external noise and the

introduce noise in the form percentage of synchronization, where part of the intermit-
tency is removed. The exponent of the power law is a small
ri=ri(1.0+pf), (11 constant number when the intensity of the external noise is

small and a greater constant number when the intensity of

the external noise is big. This power law exists in all syn-
r=r,+pé, (12) chronized orbits. For example, for the case of Fign) @he

exponent of the power law is-0.06 when the intensity of
wherep denotes the intensity of external noise. This noise ighe external noise is smaller than X.00 ° and —0.29
applied at each iterated step. Figur@6shows the result when the intensity of external noise is greater than
corresponding to Fig.(&) when using Eq(11) and Fig. §b) 1.0x10°°. For the case of Fig. (B) the exponent of the
shows the result corresponding to Figa3when using Eq. power law is— 0.2 when the intensity of the external noise is
(12). To othersAn or adding noise to variablg’, our nu- smaller than 1.810 3, and —0.946 when the intensity of
merical simulation shows that the results are just the same dbe external noise is greater than .00 3.
Fig. 6. From Fig. 6 one can see that synchronization is oc- In conclusion, we have extended the periodic impulsive
casionally disrupted by the short time large order burst. Thisnethod to the conservative map and find that synchroniza-
corresponds to the case of on-off intermittency in that theion can be implemented not only in chaotic orbits but also in
deviation lies at nearly zero value for a long period of time,quasiperiodic or periodic orbits. The method used in Ref.
which is interrupted by the short time burst of nonzero value[11] is just a special case of this method. The mechanism
The reason for the burst has something to do with mod1 inhat makes this method work is studied. In the process of
Egs. (1) and (2). By checking the data file we find that the synchronizing, the driving system is conservative and the
intermittency always first emerges at the neighborhood ofesponse system is dissipative. When synchronization is
variablesr or x equaling zero or one, and then lasts a shorimplemented, both the driving and response systems are con-
time. When variable or x is near zero or one, the effect of servative. Furthermore, it easily leads to on-off intermittency
the external noise becomes extremely important. A smalin the presence of external noise.
noise might let the variables of the driving system or re-

or

sponse system change about 1 because of modl in(BEqgs. ACKNOWLEDGMENTS
and (2). It seriously destroys synchronization between the
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