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Synchronization of a conservative map
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We demonstrate that two identical chaotic systems of a conservative map can be synchronized by applying
periodic pulses at regular time intervals. This idea is illustrated with a two-dimensional standard map. The
mechanism is also studied.@S1063-651X~97!08608-X#
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Synchronization is a widespread phenomenon occur
in different fields. Numerous applications of the synchro
zation in mechanics, electronics, communication, meas
ments, and in many other fields have shown that synchr
zation is extremely important in engineering. On the oth
hand, the phenomenon of synchronization in biology is v
interesting. One of the most cited examples is given by
southeastern fireflies, where a large number of insects g
ered on trees flash all together@1#. Other examples include
crickets exchanging chirps, cardiac cells interacting w
voltage pulses, neurons receiving and sending syna
pulses, etc.

The progress in studies of nonlinear dynamical syste
significantly extended the concept of synchronization. It w
shown that synchronization can be associated not only w
regular behavior, such as periodic or quasiperiodic osc
tions, but also with chaotic behavior. Numerous papers, p
lished in the past six years, employed the ideas of sync
nized chaos for different techniques of communications w
chaos, chaos suppression, and monitoring dynamical
tems. The pioneering work is that of Pecora and Carroll@2#.
Shortly afterwards many related methods were presen
such as the parameter perturbations approach@3#, the modi-
fied Pecora and Carroll method@4,5#, the feedback method
@6,7#, etc. The Pecorra and Carroll idea of synchronizat
has been extended to coupled systems@8#, even to the case o
generalized synchronization@9,10# where the driving and re
sponse system are different. Rulkovet al. @10# generalize the
idea of synchronization equating variables from the respo
with a function of the variables of the drive. However, a
these methods are designed for the dissipative systems
we know, only two references@11,12# discussed the case of
conservative map. Here we will discuss the synchroniza
of the Hamiltonian chaos and use the standard map, per
the most widely known example of a chaotic Hamiltoni
system, as an example to demonstrate the process of
chronization.

Recently, Refs.@13,14# present a method which uses
wait-and-reset strategy for synchronizing chaotic systems
this paper, we extend this method to a Hamiltonian sys
and call it the periodic impulsive method. Consider the st
dard map
561063-651X/97/56~2!/1585~5!/$10.00
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r n115r n2
k

2p
sin2pxn , mod1

xn115xn1r n11 , mod1. ~1!

Obviously, its Jacobian determinant equals one, so it i
conservative map. The standard map has a straightforw
physical interpretation. It is the Poincare´ return map for a
frictionless periodically kicked pendulum. With the increa
ing of parameterk, the system undergoes the transition fro
local to global chaos. The critical value of parameterk is
0.971 635 4. At this value ofk, the last remaining KAM
torus which stretches horizontally fromx50 to x51.0 is
broken. For the values ofk.0.971 635 4, the system dem
onstrates global chaos. In this paper, we
k51.171 635 4. Consider an identical system with Eq.~1!

r n118 5r n82
k

2p
sin2pxn8 , mod1

xn118 5xn81r n118 , mod1. ~2!

Following Pecora and Carroll’s method, we call Eq.~1! the
driving system and Eq.~2! the response system. Referen
@11# indicated that it is possible to synchronize the stand
map by using variabler as a drive variable and not possib
by using variablex as a drive variable. This naturally raise
the question: does this then imply that it is impossible
synchronize two systems usingx as the drive signal? In fact
we will demonstrate that, perhaps quite contrary to on
intuition, synchronization usingx as a key is possible if,
instead of continuously monitoring the response system,
is willing to wait for a short while before each attempt
reset the response system. Now we use the periodic im
sive method to implement the synchronization. In this pa
we discuss the synchronization of three cases, they are
synchronization of chaotic, quasiperiodic, and periodic
bits. Firstly, we consider the case of chaotic orbits and a
periodic pulse to variablex8. The second equation of Eq.~2!
becomes
1585 © 1997 The American Physical Society
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xn118 5xn81r n118 , nÞ j Dn

xn118 5xn11 , n5 j Dn ~3!

where j runs over natural numbers, implying that the kic
are applied at intervals that are uniformly spaced byDn.
During Dn21 iteration steps the response system evol
over the original map~2!, while at the next step the stat
variablexi8 is replaced by the value of the state variablexi of
the driving system, that is,xi85xi . In other words, the dy-
namical system~2! oscillates freely and independently fro
the driving system~1! except for the moments when th
variablexi8 is forced to the new valuexi . In our numerical
simulation, we observe that the synchronization can
implemented only whenDn52 or 3. Figure 1 shows the
result when the initial point of the driving system is~0.1,0.6!
and the initial point of the response system is~0.8,0.3!. From
Fig. 1 one can see that the implementation of synchron
tion only needs about 30 steps whenDn52. It illustrates that
the periodic impulsive method can do what the Pecaro
Carroll’s method@11# cannot do.

For the case of adding periodic pulse to variabler 8, the
first equation of Eq.~2! becomes

FIG. 1. Synchronization of chaotic orbits. The periodic pulse
added to variablex8. The initial point of the driving system is 0.1
0.6, and the initial point of the response system is 0.8, 03.~a!
Evolution of variabler when Dn52. ~b! Evolution of variablex
whenDn52.
s

e

a-

d

r n118 5r n82
k

2p
sin2pxn8 , nÞ j Dn

r n118 5r n11 , n5 j Dn ~4!

where the meanings ofj ,Dn, and the values of the initia
points are just the same as that of Eq.~3!. The response
system~2! and the driving system~1! satisfy the same equa
tion except that the variablexi8 is reset toxi at a regular
iterated intervalDn. ~The traditional synchronization schem
corresponds to takingDn51.! Our numerical simulation
shows that the two systems can be synchronized only w
Dn52, 3, or 4 except forDn51. ~That is the case of Ref
@11#.! On the other hand, if the drive system chooses diff
ent initial points, the synchronized steps are different.
means that the synchronized steps have something to do
the initial point of the drive system. We will explain thes
phenomena later.

It must be pointed out that the response system~2! has
become a dissipative system when using periodic pulses~3!
or ~4!. ConsideringDn steps as a unit, its Jacobian inDn
steps isJ5) i 51

Dn Ji , where

FIG. 2. Two quasiperiodic orbits.~a! The initial point
is r 050.515 035 398 828 775 0, x050.451 249 476 513 977 4
~b! the initial point is r 050.275 312 253 843 563 1
x050.111 993 390 277 928 2.
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Ji5S 1 2k cos2pxi8

1 12k cos2pxi8
D , i 51, . . . ,Dn21

JDn5S 1 2k cos2pxDn8

0 0
D , for Eq. ~3! ~5!

JDn5S 0 0

1 0D , for Eq. ~4!.

Obviously, the Jacobian determinantuJu50, so that the re-
sponse system has become a dissipative system. Other
synchronization cannot be implemented for the conserva
map.

Secondly, we consider the case of quasiperiodic orb
By careful research we find two quasiperiodic orb
in Fig. 2. The initial point of Fig. 2~a! is
r 050.515 035 398 828 775 0,x050.451 249 476 513 977 4
and the initial point of Fig. 2~b! is
r 050.275 312 253 843 563 1,x050.111 993 390 277 928 2
We let the driving system~1! run along the quasiperiodi
orbit, and give the response system~2! an initial point
(r 0850.7,x0850.2). We have observed that synchronizati
can be implemented by both Eqs.~3! and~4!. For the quasi-
periodic orbit of Fig. 2~a!, we observe that in Eq.~3! syn-

FIG. 3. The synchronization of quasiperiodic orbit correspo
ing to Fig. 2~a!. The periodic pulse is added to variablex8. The
initial point of the response system is~0.7,0.2! andDn56.
ise,
e

s.

chronization can be implemented only whe
Dn52,5–8,11–14,17–20,23–24, etc., and in Eq.~4! only
when Dn51,3–4,7–10,13–14,16–17,19–20,22,25–26, e
For the quasiperiodic orbit of Fig. 2~b!, we observe that in
Eq. ~3! synchronization can be implemented only wh
Dn52 –4,6, and in Eq.~4! only whenDn51 –3,5,7. Figure
3 shows the result of corresponding to Fig. 2~a! when peri-
odic pulses are added to variablex8 andDn56. From Fig. 3
one can see that the synchronized steps are about 300.

Lastly, we consider the case of periodic orbits. Beca
the conservative maps have no attractive basin, this lead
some difficulty in finding the periodic orbits. But fortunate
there are four symmetry lines for the standard m

x50,1
2 ,r /2,(r 11)/2. At least two of theM points on a

period-M cycle will fall on the symmetry lines. Along the
symmetry lines one can quickly find one point of the perio
M orbit using a Newton-Raphson algorithm. Figure 4 sho
the result of a period 5, where one point of period 5
r 050.512 277 623 087 423 1,x050.256 155 537 624 807 5
It must be pointed out that in Fig. 4 the line ofx50 and the
line x51 are just the same because of the mod1 in Eq.~1!.
Now we let the driving system run along the period-fi
orbit, and give the response system~2! an initial point
(r 0850.7,x0850.2). We observe that in Eq.~3! synchroniza-
tion can be implemented only whenDn52,4, and in Eq.~4!
only whenDn51,3,5,7,11–13.

To understand why such a synchronization scheme m
work, we now study the conditional Lyapunov exponents
the response system. Rewrite Eq.~2! as

r n115 f 1~r n ,xn!,

xn115 f 2~r n ,xn!. ~6!

If the periodic pulse is applied to Eq.~6! afterDn times, one
can consider theDn steps as a unit. Then a new map
created

r m115F1~r m ,xm!,

xm115F2~r m ,xm!, ~7!

where F15 f 1
Dn ,F25 f 2

Dn . The periodic pulse added in Eq
~6! is equivalent to Eq.~7! having a drive variable. If the
periodic pulse is applied to variabler , we have

-

FIG. 4. A period-five orbit. One point of period five i
r 050.512 277 623 087 423 1,x050.256 155 537 624 807 5.
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dxm115
]F2

]xm
dxm

lx5 lim
m→`

1

m(
j 50

m21

lnU]F2

]xj
U5 lim

m→`

1

m(
j 50

m21

lnU] f 2
Dn

]xj
U, ~8!

Similarly, if the periodic pulse is applied to variablex, we
have

l r5 lim
m→`

1

m(
j 50

m21

lnU] f 1
Dn

]r j
U, ~9!

wherelx and l r represent the conditional Lyapunov exp
nents corresponding to the case of adding pulses. Obviou
lx andl r depend onDn. Whenlx or l r,0, synchroniza-
tion can be implemented; otherwise, synchronization can
be implemented. This is the reason that there are gap
successive values ofDn.

On the other hand,lx andl r are related to the property o
trajectory, i.e., the chaotic, quasiperiodic, or periodic orb
Taking Dn52 as an example, we have

FIG. 5. Maximum Lyapunov exponent spectra of the respo
system corresponding to Eq.~3!. ~a! The driving system is chaotic
with initial point 0.1,0.6,~b! the driving system is Fig. 2~a!.
ly,

ot
in

.

lx5 lim
m→`

1

m(
j 50

m21

lnU122k cos~2pxj !

2k@12k cos~2pxj !#cos2pS xj1r j2
k

2p
sin~2pxj ! D U,

l r5 lim
m→`

1

m(
j 50

m21

lnU12k cos2pS xj1r j2
k

2p
sin~2pxj ! D U.

~10!

For the chaotic trajectory,xj and r j have ergodicity. The
sums of Eq.~10! can be substituted by integration on th
phase space, as in Ref.@11#. However, for the quasiperiodic
or periodic orbits, the summing of Eq.~10! can only be cal-
culated along a special orbit. So the synchronized steps
something to do with the initial point of the drive system
For studying the relation between synchronization andDn
we have calculated the maximum Lyapunov exponent of
response system. We find that the maximum Lyapunov
ponents are negative for thoseDn in which synchronization
can be implemented and positive for thoseDn in which syn-
chronization cannot be implemented. This is consistent w
Pecora and Carroll’s theorem@2#. Figure 5 shows the result
corresponding to Eq.~3!.

To test the effect of external noise on synchronization
the model studied here, we have studied how synchron
tion is affected by a white noise. We consider the Gauss

e
FIG. 6. The effect of noise is shown.~a! Corresponding to Fig.

1~a!. The intensity of the noise is 1.031028. ~b! Corresponding to
Fig. 3~a!. The intensity of the noise is 1.031024.
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56 1589SYNCHRONIZATION OF A CONSERVATIVE MAP
white noisej having zero mean and standard deviation eq
to one, generated by using the Box-Mu¨ller method@15#, and
introduce noise in the form

r i5r i~1.01rj!, ~11!

or

r i5r i1rj, ~12!

wherer denotes the intensity of external noise. This noise
applied at each iterated step. Figure 6~a! shows the result
corresponding to Fig. 1~a! when using Eq.~11! and Fig. 6~b!
shows the result corresponding to Fig. 3~a! when using Eq.
~12!. To othersDn or adding noise to variablex8, our nu-
merical simulation shows that the results are just the sam
Fig. 6. From Fig. 6 one can see that synchronization is
casionally disrupted by the short time large order burst. T
corresponds to the case of on-off intermittency in that
deviation lies at nearly zero value for a long period of tim
which is interrupted by the short time burst of nonzero val
The reason for the burst has something to do with mod1
Eqs. ~1! and ~2!. By checking the data file we find that th
intermittency always first emerges at the neighborhood
variablesr or x equaling zero or one, and then lasts a sh
time. When variabler or x is near zero or one, the effect o
the external noise becomes extremely important. A sm
noise might let the variables of the driving system or
sponse system change about 1 because of mod1 in Eqs~1!
and ~2!. It seriously destroys synchronization between
driving and response system and induces the burst.

On the other hand, with the increasing of the intensity
external noise the intermittency emerges more frequen
ys
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Our numerical experiments discover that there is so
power law between the intensity of external noise and
percentage of synchronization, where part of the interm
tency is removed. The exponent of the power law is a sm
constant number when the intensity of the external nois
small and a greater constant number when the intensity
the external noise is big. This power law exists in all sy
chronized orbits. For example, for the case of Fig. 6~a! the
exponent of the power law is20.06 when the intensity of
the external noise is smaller than 1.031026 and 20.29
when the intensity of external noise is greater th
1.031025. For the case of Fig. 6~b! the exponent of the
power law is20.2 when the intensity of the external noise
smaller than 1.031023, and 20.946 when the intensity o
the external noise is greater than 1.031023.

In conclusion, we have extended the periodic impuls
method to the conservative map and find that synchron
tion can be implemented not only in chaotic orbits but also
quasiperiodic or periodic orbits. The method used in R
@11# is just a special case of this method. The mechan
that makes this method work is studied. In the process
synchronizing, the driving system is conservative and
response system is dissipative. When synchronization
implemented, both the driving and response systems are
servative. Furthermore, it easily leads to on-off intermitten
in the presence of external noise.
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